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%% 1. Gtve & resue: of the Bain notions and theorems in tuo of the Lodlowing
: subjects. Try to be couciss and woll-organized. .

(a) 'ssxm‘tm‘ot m“};,ti:l?j:r“)‘r T Fof, Sylew
- #(b) Bylow tueorems. ;10 sa gt

e - : W Ay

- {e) ﬁamslsebzrgotttmto &°oup.

' -A4) Tha Gelots thecry of solvability of equations by redicala.
(¢) Jordan cancnicel form for pxtrices over the cosplex wwhers.

(2} I2sal theory in rings &f slgudrale integera in finite extennions
of the ratiomals,

(g} Direst decomposition theoreas fér fintte and infinite Abalim &roupa.

In each of the following pecdlems 2 - & choose ous part (a) or (B)., Mnh such
part is worth 204, Some of these parts xay also bave two sub-parts (1), (i4),
(- - both of vhich must be woried for the chotos of that part.

2. (a) An arbitrary (possibly infinite ) group 1is called solvadle 1f 4 has
& finite meximal pormsl series with Abelisn quotients. Bhow that "y
homounorphic ivags of & solvable group ia agsin aolvable, _

(») (Tvo perts)

(1) It © 1s a trensitive permutation group on & set 8 , ani &r

- 8,be 8 vhat 1s the relation between the subgroup G& that leawes
& fixed end ths aubgroup Gb that leaves b fixed? Prove your
statemf:nt.

(11) I G is a group of permtations on 8 set § of pr + ) elsouaty
and ‘ordas (c) > pn » ¢80 G Dde transitivet Prove your statemut.
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3. (a) Suppose X 1s w field, f£{x) isa polynomial over X , and L i»
. 2 root field (splitting field) of f£(x) over K.  Suppose g{x) 1is any
: ' irredacible polynonial over X , and that g(@) w 0 for soms @eL

’ Prove that g(x) hss all its roots in L. ‘

(b) (2wo parts) | . _
! (1) Suow that say complex mumber qmmnu'mwnmmx&
' with algebraic ccefficients is necesearily algebraic {1.e., satisfies
8 polynomial with rational mrmmu). .

{11) Pind a cpacitic poma.l v!.th rational coofficients of hich

VE +¥/35  1s's root.

5. (s) (Two perts)
{1} Prove that any two bessa for s finite diwensional wetor speen
have the seme mumder of elaments.

-(11) Prove ths sawe thing for enmy infinite-dimensionnl vector speca.

(b) An fwner product opsration (x,7) on a vector space V s defived

to bo a symsetric, bilinear, positive derinstedl NP v 1o the reala.

Frove: IV iz x fintte divensionsl vector space over the reals with
an inner product operation (x,y), and f(x) {a any linear
functional Gn V , then tbere exists wnique vy ¢V such that
t{x) w (x,,yl) fﬁi’ all x.
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