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1963 Ph.D. Qualifying Examination

ALGEBRA

Problens 1 and 2 are required. Choose any three problems from

problems 3-6. Specific instructions sceompany each problen.

Point Beore

Problem 1 - 308
L2280k .

3 - 15%

4 - 15%

5~ 15%

€ -~ 15%

Let A be a cammtative ring with unity; let X be an indetermi-

nate over A . Same of the assertions below conceraing 4 and

A[X] are true; scme are false. Yor each assertion, state whether

1% 4s true or false; for oneof the true sssertions give a complete

proof, and for one of the false assertions give a caunter-example

together with the necessary details.

a)

¢)
a)

e)
£)

g)

Any polynceial of degree n > 0 in A[X] has at most n roots

ia
Ir
It
Ir
6 4

AlX]

A .

A
A
A
A

is Noetherian, sc is A[X] .
is a principal ideal domain, soc 18 A[X] .
has the descending chain condition, g0 does A[X) .

is a8 unique factorization damain, so is A[X] .

is & Buclidean Dowain.

Every prime ideal of A[X] is & meximal ideal.
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2, Do one of (a), (b), or (c).

a) Prove from first principles that a finite group whose c;rder is
divisible by the prime number p contains an element of order p .
b) (Tvwo parts) A subgroup H of an arbitrary (not necessarily |
finite) group G 1s ealled a maximal subgroup of & 4if no sube
mp of G (except G itself) péopeﬂy contains H .
1) BShow that every finitely generated group possesses a maximal
subgroup.
11) Is the statement in (1) valid without the hypothesis of
'finite'generation? Prbor or counter-example.
c) Let Q' be the miltiplicative group of all nop-zero ratiomsl
mmbers. Let o be the additive group of all integers. Prave
that . Q 1s isomorphic to & direct sum of & countable mmber of

copies of Z/ and one copy of the cyclic group of order 2 .

Do one of (a), (b), or (c).

8) Let k and K be fields, and suppose that K 1is a finite,
separable extension of X » 88y of degree n . Give an upper
bound for the mmber of subfields of K lying over k . (Your
bound need not be tight; any finite upper bound will do.)

b} Let k be a field of characteristic p> 0O . An element x of

same extension field K/ of k is called purely inseparable over
£ 1f there exists a positive integer n such that
x ex .

Frove that if x is both separable eand purely inaeparablg over

kK it iies in k .
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k.

¢) Deteraine explicitly the Galols Group of the polynomial

x"'-a

over the rational mmbers.

Give & concig‘e, well~organized resume of the pain notions and theorems

in ope of the following subjects.

a) Structurs theory of rings with descending chein condition on left
ideals. | ’

b) Direct decompoaition theorems for tinite and infinite Abelian groups.

¢} Ideal theoretic structure of the algebraic integers in rinite exten~
sions of the ratiopals.

d) - Representations of finite groups and the group algebtrs of a finite

groupe.

Do either (a) or (b).
s) Let V be a finite dimensionsl vector space aver the field of reel
mmbers. Let Q be a guadratic form on v . Prove: there exists

& basis b]." ses ’bn of V such that

n P 8
(fop)=f - T (yed.
1e], {=l i=pel

Prove also that the mumbers p , 8 above are independent of the
shoice of basis. |

b Let k bea fieid, let X be an indeterminate over k , and let
£ be a polynomisl of degree n >0 in k[X] . Let V be a vector

space of dimension n over k s let e, aety be a besis
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for V over k . Bupposa the polynomial £ to heve the fom
fﬂ_aa‘*alx‘*"‘.’.‘nxu“" a.n#O,

&nd defire a linear transformation T : V=V by

T(QJ) ‘ed‘i’l 2 J =90, ..., n~2 2
a1 &
g(enol) w Boow ;"133 “ .
hE o n : :

A subspace W of V 18 called T-invariant 1f MW) C W . Prove that there

is 2 1-1 correspondence between T-invariant subspaces of V and ideals of
e residue claes ring k{X]Al , where # 485 the principal ideel generated
% £ . Bhow that £ 18 irreducible over k 1f and only if ¥ containe

30 pon=~trivial Teinvariant subspaces.
€. Do ome of {a), [}, or (c).

{2} Let A be a commutative ripg with unity. Show that an element x ¢ A
is nilpotent {i.e., x® = 0 for same n > 0) if end only if x
belongs to every prime ldesl of A .

i"} Tet A be s Noetherian ring. Prove that every non-unit of A 18 a

product of fisltely many irreducible eiements of &

‘e, Prove: An integrsl domain is a field if and only if 1t has the descend-

ing chain condivion.
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