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Problems 1 and 2 are required. Choose any three problems from problems A-f,
Specific instructions acccmpany each problem.

Give, with details, counterexamples which show that gach of the following
statements is false as it stands. Then correct each statement by suitably
modifying the underiined phrase.

a)

3

Do

B)

If D 1e a division ring (= skew field), then a polynomisl of degree n
over D has at most n roots in D .

If A I8 e unigue _fgm%m domain, then the greatest commen divisor
d of tro elements 2 , b ¢ A can be expressed in the form d = Bx+by
with suitable elements x , ¥ of A .

In a comgutative ring with unity, every power of a prime ildeal is a
primarr ideal.

The alternating group A (the group of even permutations of n objects)
is simple for every natural number n .

Givenan n X n metrix M , yhose minimal polyncaial is of degree n ,
there exists a non-singular matrix T such that 'IMP-]'- is a diagonal
matri:. (The coefficients of these matrices are sll taken from the
field of complex mmbers.)

-1

Tre yolynomial 1+x+x2 + .o + X ig irrsducible over the rational

numbers for every natural number n .

The normal subgroups of any finite group forwm a distribvutive lattice.

If a module satisfies the descending chalin condition, 1t satiafies the
ascending chain condition.

In & commtative ring, every maximal ideal is & prime ide:al.

Tf ¢ 48 a finite group of order g , snd n 1s an integer dividjng g

then © possessee s subgroup of order n .

one of (a), (b) or (c).

(Two »arts) Let G be a group, and let A , B Dbe subgroups of finlte

orders w #nd n respectively. Let r be the order of the intersection -

ANB. |

1)  Shev that there exist exactly %& distinet elements of G vhich can
be written in the form ab with a e¢eA , b e B .
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11) Show that if 4in (1), the order of G is the least common multiple of
m and n, then r is the greatest cammon divisor of m and n ’
and every element of G has the form ab with ac¢A ,be¢B.
b) Let G be the direct sum of the group o’ integers and a finite cyclic
group. Describe all of the autamorphisnus of G .
¢) Let G be a group and let N, .o, W, be maximal, proper, narwal, sub-
groups of G such that no one of them :ontains the intersection of the
others. Establish an isomorphisa
r

¢/ n N, % (6/M) x (G/N,) x ... X (e/N,) -

3. Do gme of (a), (bg or (¢). | *
a) Let O, B be complex mmbers such that a3+3a+5 =0, 654-75-»7 =0,
Prove tbat the equation ‘

& + (1% 138207)a + 169 - 238 = 0

"is false.

b) Let 0 be an extension field of a field K , and suppose that A s B
are two subfields of 1 which are both n.rmal and separable of finite
degree over K , and vhich have intersect:on K . Show that the composi-
tum (A,B) obtained by simmltanecus adjwetion of A and B to K 1ia
normal, separable, of finite degree over K , and that its Galois Group
is isomorphic to the direct product of tire {alois beups of L and B
over K . }

c) (3 parts) Let K be a field of characteristic 42 . let « ¢ K, and
let 0 be s splitting field over K of the plynomial xh-—a .

1) Show that /K iz separable, that 1 contiins an elemen: 1 such
that 12 = =1 , and that the degree [0:X] s at moat 8 .
i1) Prove that [G:K] = 8 if and only if neithe: a nor -8 nor =l
is a squere in X .
111) Prove that if {0:K] = 8 , then the Galois Grop of /K 1s isamorphic
to the group of aymmetries of a square.
k. Do ope of (a), (b) or (c).

a) Prove that the fleld ¢ of camplex numbers has infiitely rany automor-

phisms, a.hd that the only elements of C ‘lert fixed 3y all the automor-

phisms are the rationsl numbers.

23



. Algebra
Page Three

b) Let A be a commutative ring with unity, and let *A{X] be the polynomial
ring in one variable over A . If p(X) € A[X] 1is & zero divisor, show
that there is an a 40 , 8 € A , such that a-p(X) = O . (Hint: Choose
g(x) of minimal degree such that g(X)p(X) =0 .)

¢) Let A be a commtative ring with unity, and let X, , ... , X be inde-
pendent indeterminates over A . ILet B =A[[x1 g ese xn]] = ring of

b formal pover series in n variables over A . Show that B possessus
. exactly one maximal ideal if and ooly if A possesses exactly one maximal
ideal. -

5. Do gne of (a), (b) ar (c).

a) Lét V be a finite di@nsional vector space over an u.lgebraicalli c¢losel
field, say C . The question - Is a given linesr transformation A om ¥
diagonalizable (i.e., has a disgonal matrix in a suitable basis of v)? -
cen be decided "by means of rational operations alone; 1.e., without'aolv--
ing algebraic equations of degree > 1 . Indicate how.

N . b) Let V be s finite dimensional vector space over the field of real -

( bers, and let F, , F, be two quadratic forms such that F, is poeltive
definite and Fa is non-negative but not identicelly zero. Show thut the
determinant of F1+F2 is larger than the determinant of Fl .

c¢) Let V be a vector space over a field k of characteristic p>0 . V
18 said to be a restricted, abelian, Lie algebra over k if it bas in
addition a map @ : V-V satisfying

o(vivw) = @(v) + o(w)
o(av) = aPp(v) (8 ek) .

A subspace WL V is a sub-Lie algebra if and only if W) W. V 18
called simple if 1t has no non-trivial sub-Lie algebras. Prove: A slaple,
restricted, abelian, Lie algebra is finite dimensional as vector spacs
over k .
6. Do one of (a), (b) or (c).

a) Let A be a noetharian ring, M an A-podule, and assume M # (0) . &hon
thet there is a prime ideal P of A such that A/P is isomorphic (as
A-module) to a submodule of M .
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b) Let A be a cammtative ring, and let f£(X) = ao raX+ .. te x"
be a polynamial in A[X] . Show that f£(X) 1s invertible in A[x‘ ir
and only if a, is invertible in A and a 3 is nilpotent for
J=1, ..., n.

c) Let A be a noetherian ring in which every non-gero prime ideal 18 maxi-
mal. (For example, Z .) Let § be an ideal of A . Show that o 1s

a finite product of primary ideals,
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