195% Fn.D. Qualifying Exsminstion

ALGEBFA
L = complexes '
R » rationals
R = reals
&n‘ = integers mod n = cyciic group of order n .

I. Miscellsneous

A

1) Let h be the patural map of L, ®L givenby h(1) = (1,1) .

Assuming p and g relatively prime, how does one find r with
W) = (1,0} 1 ‘ ‘

2} k{x]/(xﬁ*-x) is & direct sum of fields. What fields?

3) Give an example of & commtative ring with a prime idesl that is nmot
maximal, and an exemple for ’the reverse situation.

3&)‘ Prove that any principal ideal domsin satisfies the ascending chein
condition.

5) Are the finite fields GF(p ) separable or inseparable over their
prime Tields? Are they perfect or imperfect?

6) Let p be prime; put G::Zp@...ébiﬁp,n terms.

II. Algebra

1)} 8} VWhich of the following subfields of { go into themselves under
all sutomorphisms of U [indicate reasons]: R , R(v3) , BR(“¥Z) ,
¥x) , all algebraic numbers , B .
%) D is an integral domain such that
@} the ascending chain condition holds, and
8) every preper not maximal ideal is product of two proper ideals.

Show: every proper ideal is product of maximal idesais.
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2) a)

b)

Define the notion of primitive n-th root of unity (over R, say);

show that they exist, and describe how one finds the cyclotﬁnic

polynomials Py (whoee roots are precisely the primitive “vi's ).

For the polynomial - x5-2 » determine the degree and the Galois group
_ the

(at least a composition series) of K/R . What are,degree and Galois

group of the subfisld R[¥i] 7 Is x’-2 irreducible over AR

Let A be a Noetherisn ring (commmtative with 1) , M a finitely
@enerated A-modnle. Show: M has a composition series M = 241 o
MpD -ox DM = {0} withall M,M, . of the forn A/p, p prime
idesl.
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III. Group Theory

1) a). Prow;- thaf. finite p-groups (# (e)}) have nontrivial
center. |
vb). Let G, H be finitely generated abelian groups.
Buppose G 1s isomorphic to a subgroup of H , and
conversely H toone G . Show: G and H are

isomorphic. '

2) 8). G = finite group; H - subgzbup such that order and
index of H are relatively prime. Show: the normalizer’
N of H in G 1s its own normalizer (i.e., gNg * =
| N> gigt =H) .
C b). G = finite group. Show: A minimsl subgroup of G is
(simple or) direct product of simple groups that are
pairvise iscmorphic, in fact conjugate in G .

(Hint: induction on the order.)
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IV. Linear Algebra

1) a)

b)

2) a)

T is an mmow (= linear transformation) on a vector space

V . In vhich of the following casss can one essert the sxist-

ence of & (nom~zero) eigemvector of T (yacor or countemmm}.o)

1)  Teld = § , din V. = ;

n) fi0ld =« B , dim ¥ finite, 0dd;

111) T1eld = R ,'T skew-sywsrtric (with respect to scme inner
product in V) .

A vector x, 1:Mtwtmmtor T on V{(dmVen<a)

ir (xo, X, I‘axo, _— 4span V. Bhow: If T has a eyclie

vector, then the minimwm polyncmial of 7T is of degree n .,

What does the Jordan forw of sucha T look like?

Let A , B be tvwo matrices over a field ¥ . Suppose A and
B are similar over an extension field K of F (3 P over K
with B = PUAP) . Prove: A and B are similer over ¥ .

T 4s an arbitrary operator on & resl vector space V (dim V<) .
Show: There exists an invertible operator P such that TP is
a projection (with what range?). Use this to show: Any right

ideal in the algebra &£ of all operators on V is of the form

Ef with B a projection.
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