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IRSTROCTIONS

There are four parts numbered I - IV. Answer 2 total of ten
questions seiéating at lesst two but not more than three guestions
from eny one part. Euch question counts 10 points.

For each question selected, use a geparate blue book. Write
vour pame, the part number and the queaticn'number on the cover of

the Llus bBook.

NOTATION

zn = cyclie group of order n ;
¥ = integers;

K = rationals;

E = resls;

£ = complexes;

& Sq = the Galois field of g-elementz vwhers g = §ﬁ sy P & prims.
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PART TI. RINGS
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Let DT be an Integral domein. Explain the following notions and
their btasic rele’icnehips:

(e} ¥ %r a unigue factorizstion dcrain.

(b} & is & prircipsl idea) domein.

{e) T satlizfies the sscending chein condition for ideals,

+

In & comutetive ring with unity, shov that the intersection of ali

prime idesls 12 Lhe set of all nillpotent slements.

St that the polymomisl ring £[x)  is Noethertau. Purther, let

4 3
;
‘s

5l1} = the =inimy]l nwsber of generstors of an ideal * of b AR

»

s 8l{I) bamdent

Prove that a comautative ring A con e extended to & commitative

#ing B such that sll nom-zare divieors in A are units in B .

It R be & ripg. Frr apy subring 8 of R let ((8) bve the
get of all elonments of R wiich coppunte with each elesment of &
irove thet  C{((8))) = C{€; . Can thie be strergtbened to
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ALGEBRA
PART I. GROUES.

i. Let G be a grcup, and let G(a) be the subgroup of G gene-
rated by 811 squarea. Prove that 6(2) contains the commtator
subgroup of G .

+

2, Pind the characteristic subgroups of &2 5] ""& » &a 2] l’k , and

e

automorphisums.)

3. State and explain .he Isomorphism Theorems, and briefly show how

€ ' they apply to the fordan-H6lder Theorem.
4. Give with proof an example of an infinite simple group.

5. Let G be a finite group, and let HCT G be a proper subgroup.

Prove that G 4is »ot the union of the conjugate subgroups of H .




ALGEBRA

FART III. FIELDS.

l.

2,

B

Buppose K is a fleld and G is a finite subgroup of K - (0} under

maltiplication. Prove that G 1s cyclic.

a) Suppose ! 1s a primitive n® oot of unity , p 1s a prime not

dividing n , and that ¢{ is a root of a monic polyncmial f£(x)

irreducible over R . Bhow that £(tF) =0 . - ,

b) Prove that 12 on(x) = Tr (x-8) (where the product runs over all
primitive utP roots of unity)}, then the polynomisl ®n( x) e R[x]

and is lrreducible over R .

Let K be e field, and let f(x) ¢ K[x] be a2 polynmisl without double
roots. Show that f(x) is irreducible over K 41ff the Calols group of

t{x) is transitive on the roots of f .

Let @ be a rational number which is not a 3rd power. Find the degree
of the splitting field of x3 - over R .
If p 45 a prime, how many subfields of & ¥ n B8re there? Prove your

P
assertion.

ie
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Algebra
Theve are 5 poarts, to 'be scored seperately as follows:
L-30%, IT-200, Ir1-200, IV-20%, V- 206.
Instrvetions as to the posaid® cholces arc provided cepcrately vith each
part. Indicate cleerly on the cover of your test book(s) vhich gections

you ha.vn chosen. 'qot:rb:lcn- £ o integers, f = rationals,’ ‘R ml,s,

- oo*@lex nwrbara, Dix] = rins of polynominls in x over D .

X. Mscellencons (30%). Do each of (1) - (6).
In cach of the cases whote a true (T) oxr false (P) answer ie demamzd

give a brief jua‘bifice.»mn of youvr ansver. ,
(V) (Tor¥?) Ity ista 2 end 13 mot & parfect cuds, tbentbewordm.'_
| oftne&loismottbapolwmﬂ -a over @ is 6.
(2) Define the following noticns, mm Kel €58 mtmxdac-
{a) In is a fintte lon or X; (b) | uamm
extension of K 3 (c) + Ly 894 B, ave

(3){Por k) I* A and B mwma&sottmacen@ﬁt&ml

nvabars of tho sumo cardinalii
the £1214 € vhleh maps A imto B .
() (T or F) 'In any prméim i2eal domain evz;ry:_priz;o ideal is mectivmal.
(5) Dafive what is meant by the‘éhmmmiatic polynamiel of T, where
T 13 & linocoy traus’fozmt!nn of a finite dimumnionsl vector mcm.
State the Csyley - Hanilton theoresz
(6) (TorF)Xr G isa £inite goup and g€ G then the mmbc‘r.:ot

conjugates of g is a divisor of the order of G&.
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(i In each of the following parts s proof of the assertion is
required. Eoch is scored 10% . '
II. Group Theory Do either (1)(a) or (1)(b) snd either (2)(a) or (2X(v).

(1) (8) If p is prime and G is a group of oxder p° then G io Abelian.
{b) Any group of ord&r 15 is ayelic. i

(2) (a) Bvery subgroup of a Pinitely generated free Abelian group is free.
(b) Prove the Jordan Holder theorem for finite groups by induction on

the order, without using the Bchreier refinement theorem.

IT1.Donaine and ficlda Do either (1){a) or (1)(v) sad (2)(s) or (2)(0).

(1) (o) Suppose K is an algebraicelly closed extension of @ ; an
element G of K is said to be an algebraic integer it for some
| vonie fx}e Z.[x] , £{c) = O . Then 1f ¢, are algebraic integers
{‘3 | 80 also ig &4& .
| (v) Suppose D is & unique fectorizotion domain and X 1its field of
quotients. fThen if f{x)e D [x] ond is irrsducible over D, it
continues to be irveducidble over K .

(2) (c) Sunpose K :s a finite jield, 7(x)e K{x] of non-wero degree,
and thet ¥ is a splitting field {root f£ield) of £{x) over K. Then
the Caloie growp of f£(x) ‘over K is trensitive on the set of roots
of f£(x) if ardonly if £(x) is irreducidle over K . |
(b) I K 4s a Tield and G 1s a finite subgroup of the npultiplisative

group K- {0} then G is cyelic.
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IV. Ifeale Do (1)(s) or (1)(b). In buth parte sasums thot R ig eny

comEutetive ring with wity.

(1) (a) Ef F is & privery 1decl in B, snd A,B are ideals with AX: P
and B is finitely gensrated then ACP or for some m>( , Emg P,
(b) X A is ac ideel iIn R then there exists a minima) element

in the clase of ell prime idoale P such thet ACP .

o V. Ligear Algetra Do.(1)}{(a) or (1)(b) end (2). Inesch case V s a

>

assumed %o be a finite-dimensional vector space over a field .

{1} (a) et ¥* be the dual spmce of 'V apd for any subspace Vot V¥,
let A{U) be the ennihilator of U in V¥ . Then: |
(i} V* is finite-dimensionsl {over K) with the same d!mension as V ,
end (11) 12 U is & subspsce of V then us = V= fa(U).

(v} A lincar transforzation T of V is caliad a projection if for

1
{1) tor any lipear trexsfcrmation T of V s T is a.projection
&

soze Uy, U,, ‘{-U e t!{,‘j and T (\Ll + ua) =, for all us U,. Bien
if and oply i T = ¢ ;
(11) for amr linear transformstion T of V , <ihere exisis &
nonesingular linear transformstion ‘I’i of ¥ gush

thal 1’1 T 1is & projection.

(v (&) See rage %)
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Asguny X s'e and that ¥V isn 8n inner pxtociuct space, 1.e.
ve have & function (u,v) on VXV into € , linear in u,
vith (u,v) « (V,d) , (8,u)>0 and (u,u) = 0 1if and only if
U= 0. Assums standard results on the existence of orthonormal
bases.

(1) Por esch linear transformation T of V there is a

unique W such that for allu eV, (P(u),v) = (u,w) .
(i1) Define T#V=V by (%¥(u),v} = (u,T#(v) )} for all u,;r ;
then 1“ ia lineur.. ’
(111) T 1s called self-adjoint 47 T*#w T . ¥f T 4n
self-adjoint then all its eigenvalues are real.



