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ALGEBRA

~  PART II

Attempt six (6) questions only. All questions éarry equal weight. Answer each

. Question in a°separate blue book.

Notation: ' Z = ring of integers
Q = ficld of rational numbers
"€ = field of Eomplex numbers

1. Prove,from first principles, the following two isomorphism thcorems:

(1) If HDK are two normal subgroups of a group G, then (G/K)/(H/K) ~ G/l
iTii) If H, K are subgroups of a group G, with H contained in the normalizer

of K then H/H 0 K % HK/K.

2. . Find the Galois group of the splitting field of the polynomial x4+ 2 over

(i) @, (i) the prime field with 3 elements, (;ii) the prime field with
. § elements, (iv) the prime field with 73 elements. Briefly justify your

answers.

3, Let A bec an n x N matrix with cocfficients in C. Assume that each

k

positive power of A has trace 0. Prove that A" = 0 for some 1ntcgcr

k 2'0: (Hint: show that each eigenvalue must be 0 by induction on n.)
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4. Let G be a cyclic group of prime order P, and K a field of characteristic
y )

P- Prove that one can define a representation of G in gL 2(K) by mapping u

generator of G to (é :). Prove that this representation is not semi- s1mple

gt

5. Let. L be the add1t1ve group Z » and M the subgroup of L generated by the
.thrge vectors X, = (1,2,3), *2 = (2,3,1), Xy = (3,1,2). |
(i) What is the indéx of M iq L?
- ..(ii) Prove that M is not a direct summand of L.
(iii)‘ Is the subgfoup gene;atcd by x; and X, a direct summand of (. ?

(iv) What is the structure of L/M?

6. Let V be a finite dimensional vector space over a field, and let B(x,y)
‘be a non-degenerate bilinear form on V. Show that, if C is a bilinea?
form on V, there exists a unique map LC: V +V such that Cix,y) = B(H:x,y)
for all x,y € v. Show that C. is non-degenerate if and only if LC is
-%ijective Show that there exists a unique isomorphism P: Vv +y such that

B(y,x) = B(Px y) for all «x,y €v.

7. A complex number a is said to be constructible if there is a tower of ficlds

»

Q=FOCF1C'-°CFnCC

such that a € F. and Fi+1/Fi is a quadratic extension for alj i.

. L . .. .oon,
.Prove that (i) cos %7 1s constructible, and (ii) sin 37 1S not

constructible.



