Algebra Preliminary Exam ‘ September 23,1997
12:00-5:00pm

Identifying Number
Instructions: Attempt all 8 questions. Partial credit will be given.

Notation: Z - integers, Q - rational numbers, C - complex numbers

1. Let G bea group.
a. Define the center Z(G) of G.

b. Show that Z(G) is an abelian normal subgroup of G and that G/Z(G) is
isomorphic to a group of automorphisms of G (the group of inner automorphisms
Inn(G)).

¢. Show that Inn(G) is a normal subgroup of the group Aut(G) of all automorphisms
of G.

2. Let p andg be distinct primes. Prove that any finite group of order p’¢® is solvable.

3. Let k be commutative ring, M =k" the free k-module of rank n , and suppose that @:
N — M is a surjection of the k-module N onto M. Prove that there is an
isomorphism of k-modules N =M &ker @ .



4. Let p beaprimeand F, the field of p elements. For each integer n21, prove that
there is at least one irreducible polynomial p(x) € F,[X] of degree exactly n.

s

5. Compute the Galois group of the polynomial x*-1 over Q , explaining carefully the
results that you use.

6. Let V Dbe a finite-dimensional vector space over the complex numbers C, equipped

with a non-degenerate bilinear form (,): VxV — C which is unitary (i.e. (u,v)=(v,u)
for u,veV). Prove that V has a basis which is orthonormal with respect to (,) .

4 3 0
7. Consider the matrix A=|-7 -5 0]. Decide if there is matrix P such that P'AP is
7 6 1

upper triangular and with P having many entries in either (a) the real numbers, or,
(b) the.complex numbers. '

8. Prove that there is no ring R (with an identity) whose underlying additive group is
isomorphic to Q/Z .



