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Preliminary Exam, Algebra
September 22, 1999

1. Let p be a prime, n € N, and G a group of order p”. Show that every
subgroup of index p in G is normal in G.

2. An element e of a ring R is called an idempotent, if e? = e.

(a) Let p be a prime and n € N. Show that 0 and 1 are the only idempotents
in Z/p"Z.

(b) Determine all idempotents of Z /1000Z.

3. Consider the subset
U:= {(w’xay:z) € Z4|I—2y+62=0andz €5Z}EZ4

(a) Show that U is a subgroup of Z*.
(b) Find a Z-basis of U.
(c) Determine the isomorphism type of Z*4/U.

4. Find an element o € C such that Q(a)/Q is a Galois extension of degree
5.

5. Let A be an orthogonal operator acting on the 5-dimensional Euclidean
space E° = R5. Suppose that the characteristic polynomial of A has two distinct
roots A, € C \ R such that X # u. Show that there exist two orthogonal 2-
dimensional subspaces F; and E, of E such that A(E;) = E;, fori =1,2.

6. Let V be a vector space of dimension n > 2 and let © € A2V. Show
that u can be written as e A f for some e, f € V if and only if u Au = 0 in A4V.
(Hint: Use induction on n and use a basis {ey,... ,e,} of V. For the induction
step n = n + 1, write u = ep1 Av + w with suitablev e Vandw e VAV.
Show that v Aw = 0 and w A w = 0 and apply the induction hypothesis to w.)



