B . QUALIFYING EXAMINATICH - - AVTG 1967-66

Part I.
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art IX.
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" Write youwr neme, the pert mwiber, and’ the question mimber on each

bluem‘- . T R LR T - . R
¥iscellaneous questions [give brief ‘reasoning]. (205).‘ Write enswars -
t0 1, 2,-3 in"cne blue book, and to 4,'5 in"a sepavate blue bock.
Construct an mtem\ dcmain vith 6 elemm:a, or prove that ro mxxh
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Lat cp. n -—as be a !mmor;é;;m of rm;:a (uith wnit). Prove ox give

» . '
cmmteremp.ms for the rollaﬁng two m mts. (J.) it J isa
nasiima) deal of 8, then ©MJ). 1s a maxisal ideal of & (2) sezs.
2s (1) vith "prine” mpl,acms “maxiwal”, ' '
Buppose g - g -3 is an sutozorphisu of a group: G. Is G Dsoessarily
lat £(x) ve a polyrcmial over a fisld K. Suppose 2(a) 48 O for
all clemsnts & of K. Does it follow that £ is the polynamial Of

Let 4 be an algebra (not necossarily aasoe’mtivie) of ﬂ.m.te Qimension’

over a field K, withcm sero-divisors. Prove: for a , O and mny L
in A the equation #+x = b has a solution in A.

Rings, fields. Do oms of 1, 2, 3 (105), end one of b, 3, 6 (203)
Use a se¢parate blus book for each ansvor.

lat A be & ring (with 1), M an A-zcdule (vith 1-m wn), 1at B- be

the ring of A-endomorphimms of M. Prove lchur's lermas

2} It K is simple (irmduci'blc), then F i3 a division ring.

b) 1f furtherwore M s a finite dimensimal, nctor space over e,
and A coneists of @-linear maps, thm B = @.
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Algebye @

2. Let R Ye a cormutetive ring with 1; led S TRRETIN bs indeterminstes.
’ et 6 b2 the growp of sutarorphiens of the palynmﬁal ring. R[x ,,..,xn}
( genarated by tb-a yermutaticns of the xi and asll. the clrngea of pima

X, - = % . Describe the elemts invarisnt under @.

3« K iz a field of char. p; x,v twd :!.ndemmﬂnates. Ehov that
/D J./p) does not Rave a irimitive element over K(x,y) (i.e.,

cannot be generated by a single clement).

he k 18 & fiedd, x an indeterminate. Comstruet all {nco-archimedaer. )

]

valuations on the fiold - k(x) that are trivial on k.

5. Let A, U, B boastafl. Iet C t» the ring of B-endanorpbicus of M
{double camutator of A; nota: the m;ps n->a-m, for fixad & in A4,
bslang to C).

a) ghow: if N 1s direct swweand of \ (ae A-wodule), then : n
is C-invariant, [Hint: cona..der & wojeetion of N csm;o u}.

b) Suppose M is semi-simple [every A-simodule hss a cmmmﬂ.
Usoa) toshow: To m 4in N and f in C there exists & in
A with £(m) = an. |

¢) lore gensrally, show: If Lmz;,n.,an) ‘s & finite subset of N,
and £ in C, then therc exists a in \ wvith f{n )-mui,
im .1,...,#. {Bint: cousider M@ ... B4, with the disgoya),
action of A, and describe the double cammtator. }

6. Define the notion of primitive n~th xoot of unly (over tho rationsls,
say). 1let ¥, bte the mmbor of primitive afl'a Show that Ty = o{n)
(Fuler p-function) and that for each n  the muliiyicative groap of |
Show $hat- g1 W1's ‘45 cyolic. Dsfins the a-th cyclotomic ;olynaaiel O nlx)s
I 04(x) = x"=1, avd that @ n{X) belongs to 8[x.
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Rat IV
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Groupe. Do oue or L, 2, 3 (10%) and one of 4, 5 (204). Use a

geparate blue book for each answer.

sn = gyuaelric group o n objects; QG a subaroup of Sn of order
P, vbere p 16 @ prime ot dividing n. Show G hes & fived point
(one of the n objects is left fixed by avery elemeat of ().

Iet G be a finite group, N & nomws) subgroup, H the quotient graup
G/H. Show: G is solvable if apd only if N and K are 80.

G agroup; K, L two subgroups. _
a} Sow the intersecticn of & laft coset of K &mﬁslgth
of I is either empty or a left cosot of X A L. Give an exsmias

vhare "enpty” ocours.
b) Show: 1f XK ansd L bavs finite imlex 1n G, so does K A L.

L 1

An Abelisn group A 1s divisible it & = nex has a sclution for evesy
a in A and every positive integer. A is injective i¢ given any
Abelimn group E, & subgroup F of E, and & houmorphien @i F -,
ona van exterd @ to P: B-sA. Show: A is divisible iff it is
injective. |

Let & be a finite groups wo cemsider réepresentations of @ on

finite dimonsionel vector spaces over ¢. Define the notion of matrix
elemont of & represantation; state tha oxthogonality relatioass ex,pla:m
hov cpe can read off the rember of ineguivalent frreducidle repesantations
from the group theoretical structure of .

Linear Algebra. Do ons of L, 2, 3 (108) and cam of 4, % (20%). - Use
a scparate blus book forr each answar.
V is a vector space of finite dimension over a fiald F; A,B,ee. ara

cperators cn V (or matrices if you wish).
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Algebra

1.

2.

3.

b

5.

3

Folt. Suppess V hos an inmer product defined. Show: If A 15 .
positive definite, anrd B camutes with Ae, then B cosmites with A.

®

Pag. Shov: If each A, of the famtly [A,) can be disgonmlized
end any two A, occwmute, then tkere is a simultanecvs diagomnlizstion.

¥ . Dofine an inner product on the space of matrices by
(A,8) = t2(A°B') (bere tr = trace, and B' 15 the transposa of B).
Find the orthogonsl complement of the subspaes of ekew syFmatrie

matrices,

Yor a mitrix A owr ¥, bow can one decide whether A can, be

diagonalized (in & siftalle overfield of F). Which overfim1d

of ¥, if any, does e 1l to considert . ’

? -~ ] eo

2) Shov: I A . 1is soosinguiar, then there exists a polynosind,
plx) without ceastant ter, such that p(A) = I.

b) 1let ;.1,...,3.& be the efgennilvas of A; let vl,...,vx be
the gencralized eigenspaces (v belongs to ¥, if it ia
amibilsted by saue pover of A - A,). Thenm Ve V) ® s @Y
let P, be the projections associnted with this decenpoaition.

Prove: thero &xion polynomials qi(x) %ith gj_(A) - P - [Eote:

by a) is it emough to £inA ri(x) with r.(A) mam on 'vi

ord O on the other 'VJ.] '



