oD, WALIFYING EXAMINATION " AUTUMN Y9686

ALGEBRA e

Parte Y and X1

Ansver each quostion in a separate blue book. Write you:: namw,

‘he [ert mmb-r, and “he Qiuusiior number on the cover of ench blue book.

Port b: Linear Aligedbre (254

o ¢ probleme.

Py

+*
L.ooYet dim v b Pinite, VO the dual of Vv, UfV) the set of alj
1inecy transformation from V. o into ¥ . Defin. o “patural' may from

¢ %7 eato L{V} ane show 37 in an isomorphism.

a. Yrom first principler) If a systew of linear equations

#ith , b, ina field F . cun tz solved in some overfield KO ¥,

“i

it 11 be solved in ¥ .

Ay
1J

3. L:t char F £2 , B{x,y) =a non-éegenerate ckew-uymsietric bilinenr
form over & vector space V , geaiars F , dim V finite. Shov dim V

it ev: and there is a tasis Byp oo oer €0y f,L, fn for V such thit

E:'..i;es)'x-‘ 0 2 B(fifj) k=4 0 » B(ﬁi,fj) - 1 ’ 'CUAd jf i {3 * B(el‘sz) - D .



Part II: Greups (25%)

Xo z10 problews.

1. [From first principles) Jlet ‘G be a torsion abelian group. Gp &

’(xlg:(x =0 for some k] . Show G is the direct sum of all the Gp .

2. Tat G bde he group of ell permutaticns of the integera. Cive an

]

exaxsle of a proper normal suogroup of G and jJustify.

3, +Prom fired, principles) Let n = p‘u ,pl{wm. If G 1is of order
2 , H a vormal subgroup of order p'lF » then H contains all cubgroups

K where the order of K if a power of p .
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Fh.pD. QALIPYING EXAMINATION AUTUMN 1568-6%

ALGEBRA

Parts IIX and IV

Pert JII. Fielde (25%}
Do problems 1 and either 2 or 3.

1. Let L/k de a normal extension of finite degree and X/k an arbitrary
extespion. Assume 5 and K are contained in a composite field X . end

KAL =k . Show that KIL/K is normal and that the Galois group of Ki/K

is iscmorphic to uhat of L'k .

2, ket k be a subfield of the real numbers. Let K be an extensicon
field of k , with [K:k] odd. Siuow that the equation xi b xi -

~4 ecnnnot be golved in K .

3, Give an exsmple of fields KCKCTL , with K/k normal, L/K normal

but L/k not nmormal, and Justify.



Fn.D. (UALIFYING EXAMYRATION AUTUMN L968-~69

Part :V. Rings {25%)
Do tw: problems.

1. S5sate the decomposition theorem for ideals in a commtative Noethericr.
ring, including uniqueness statemerts.

G.ve an example or an integral domain which is not Noetherian and prova.

2, L% k Ybe a field, An the ring 0f n X n matrices over k .

Express Ad ag & direct cum of minimnl left idealr aund prove.

4. L3t R be an intagr-l domain (commutative¥ an wilch every ideal is
generited by one element. Show tast (1) R setisfiscs the ascending chain
condislon for ideals, and (1ii) every element can be uniquely factored uxn

to orier and units.



