Fh.D. QUALIFYING EXAMINATION ‘ AUTUMN 1969-70

ALGEBRA

Parts I and II

All _questions'ha.ve equal welght.
Angwer each question in & separate blue book. Write your naue, the

Part number, and the Question nmumber on the cover of eech blue tHok.

Hotation: 2 = integers; 2 n ® cyclic group of order m; § = retianals;

R = reals; € = écmplex nusbers; .2 . (0.

Part I: Groups (27%)

Dol or 2 and 3 or 4.

1. Let T be the (multiplicative) subgroup of €”, coasisting of w1
n-th roots of 1, :.'Qr 811 n. how:
a) I has for each n exactly one subgroup of order n; dzacrilb
the structure of the subgroup.
b) If © is sny finite subgroup of I, then the factor growp ©/9
ia is‘omorphic te TI.
¢) For each prime p, the p-primary pert I  of I bhas no proper

4
(£ 1) infinite subgroup.

2. a) Define "rank of an Abelian group” and state a relation betyveen
the ranks of a group, a aﬁbgroup and the corrvespoading factor
§mup.. |

v) Show that a finitely generated Abelisn group A caract be Lsomorpiic

to any factor group A/B with non-zero B



Algebra (Parts I snd 1)

)

3.

ny

a) Prove that a finite p-group has non-trivial center.
s

b) State some Sylow theorems.

Classify the irreducible representations (finite dimensional,

over C) of a finite cyclic group 2 + Bketch proof.

Part II: Rings (25%)

Do 1l or 2 and 3 or k.

1.

1

R = commutative ring with 1; pl,...,pn maximal ideals, pairwise

different. Show:

‘The natural map R/ p, ——> 'R/ is an isomorphism.
_ Py Py

(Find elements (0,...,a,...,0) in the image.)
Let A be a lattice in €, i.e., a finitely generated (and thus fres)

additive subgroup (# 0). Show: A complex nmmber z that setisfles

Z-Ac A is an algebraic integer. (z-A = (z2:X: A< A).)

a) Define "primary ideal” and "associated prime 1deal™ for commta~
tive rings; prove that the latter are indsed prime.
b) Find a primary decomposition and the sssociated primes for the

ideal (9,3x) in Z[x].

Show: If the ring R is sum of a family (Ja) of minimal left
ideals, then every left R-module M with R-M =M 1is semisimple,

i.e., direct sum of irreducible submodules.



Ph.D. QUALIFYING EXAMINATION ' ' AUTUMN 19€9-70

ALGEBRA

Parts II and IV

All guestions have equal weight.

Answer each question in a separate blue book. Write your name, the

N

Part mumber, and the Question mmber on the cover of each blue book.

Notation : Z = integers; ,zn = cyclic group of order m; @ = rationsls ;

R = reals; ¢ = complex numbers; ¢*=¢ . (0).

Part Ii: Fields (25%)

Do 1l or 2 and 3 or 4.

1. a) Define "transcendence degree of an extension K< L" and state
the relevant law for K< L c M.
b) Let PysP,sP, be three polynomials in 2 variables u,v with
real coefficients. Show: The surface in B3, given by
%y =Py (4,v), u,v e€R, 13 algebraic in the sense that all these

points (xl,xa,x ) satisfy some algebraic equation .Q(xl’xa’x,’j)ao

(where q has real coefficients).

a) Show: If the field X has char = p > O, then for any & 4in K
either & has & p-th recot in K or xP-a 1s irreducible over XK.

b) Proof or counter example for: An algebraic extension of & perfect
field is perfect.

¢) (see next page)



 Algebra (Parts I snd IV)

n

c) Same for: A purely transcendental extension of a perfect

‘

field is perfect.
(A field is perfect if every irreducible polynomial over it

is separable.)

Let K be the splitting field of x°-3 = O over §, with the

Galois group G over Q. Let P be the fleld of 5-th roots of 1

over §; denote by F, respectively H, the Galois group of P ovar

&, respectively K over P. _

a) Show that F and H are cyclic, and find their orders. Descride
generators a,t of F and H in terss of their actim on

suitable elesments.

- b) Show (by group theory) that the extension 1 —H -G =7 -1

splits, i.e., that G has & subgroup E that projects iso-
morphically onte F. '
c) Determine the extension, i.e., letting r,t denote suitible

-1

generators of E and H, find r "+t - >,

Let a,...,0 be the roots (in €, ssy) of an irreducible jaly-

nomisl over Q. Let g(x) be any polynomial in ¢@[x], and pt

6, = g(ai), i =1,...,n. (The é:l are not necessarily dis;i‘iitet.)

Show: |

a) (by Galois conaiderations) the different elements that cccw in
the sequence (@ ,...,en) appear all equally often.

b) The polynomial h(x) = II?_ (x-ei) lies in @Q[x].

¢) If r(x) is the monic irreducible polynamial for 6, over ¢
then r(e ) =0 holds for all { = 1,...,n.

d) n{x) = r(x)n/m where m = deg r(x).



ot

Part IV: Linear Algebra (25%) .
Do 1l or 2 and 3 or 4.

Let V be a vector space over R (dim V < 00); let b(x,y) be a
bilinear form on V. let W be a finite dimensional subspsce such
that the reatriction of b to W is non-degenerate. Show:

V' wew‘. (Here W‘l:ixev: blx,¥) =0,V y e W).) |

i

V = finite dimensionAl vector space over €; T an operator én V;

L]

let T =¢€[{T] be the algedra formed by all polynamiais fn T. Biow:

T 13 semisimple (= diagonizsble) iff °3 1is semisimple(= has no

nilpotent elements). (Use any standard facts for operators. )

A = “&ij

for 1 £ 3, Eai >0 for all i. &how that A 1is non-singulsr.
3

] en n xn matrix over IR. Suppose: &, >0, “13<Q

J
{Show directly that there is no dependence relation between the columns. )

V = finite dimensionel vector space. Show:

a) If A, B are two operators whose kernels KA ‘a.nd NB are
ldentical, then there exists an invertible operator P with
B = P-A. ({(Consider a complement to HA.)

b} If A, B are two cperators with N, « NE" then there exists an
operator Q with B =Q-A.

(Rote: by a) one may replace A and B by any operstors with tha

given null gpaces.)



