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(35 pts) let Vv, have basis e, e,, 63 and let A: Vy -» vy

1

e given by the matrix

1 1 0
0 1 1
4}‘,et Vs have basgls fl’ £ and B: V, =V, be glven by
2 0
1 2

Find the Jordsn canonicel form for A& B: Vl ® V2 - Vl ® \PY
and indicate your steps.

(Hint: find the ranks of (A® B - 21)1.)

(30 pts) let A be a 2 X 2 matrix with entries in €. Prove

the number of square roots of A 1s 0, 2, 4 or e,

(35 pts) Iet V be & finite dimensional vector-space over

the field 22, end let
*
A V=YV

represent a symmetric, non-degenerate, bilinear form on V. Thus

A is an isomorphism and
(A(y) M=) = [A(x) 1Y)

for any two vectors x, y in V.
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(1) Show there is a unique elexent L e V 8o
(A(v)}(x) = {A(x)){x)

for all x € V.

(i1) Prove ({[A(V)Jv =1 4if and only if the dimension of V is odd.

(Hint: Show there is a basis for V §o A has the form (I 0
o] B

where 1 has zeroes on the diagonal.)
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vart, IT: Sroups

Do any three problems.

(1) (20 pts) Let © be s finite group all of whose fylow subgroups

are normal. Prove G is the direct product of its Sylow subgroups.

(2) {20 pts) Let N be a finite normal subgroup of tle group G,
and let € be the centralizer of N in G. Show shat £ 1isg
normal and has finite index in G.

(3) (20 pts) Prove (without using Burnside's theorem) that sll groups

of ordsr 24 and 36 are solvable.
(The Sylow theorems are not uite enough nere.)
{4) (30 pts) Cons.der the sutomorphism group of the direc: product

2. %%

5 >
(1) Find its crder.
(i1) Find a Sylow 2-subgroup and describe its generatcrs and

relations. Indicate proofs.

o
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(40 pus) Calculate the number and the dirensicns of the irreduclile
complex representations of 5y, the gymmetric group on L.ietters.

(Include proofs or quote the theoreums used. ;



Ph.D. Qualifying Examination
ALGEBRA
Autumn 197172
Parts III and IV ,
The points assigned indicate the appraximate difficulty of the problens.
Angwer each question in a sei)arate blue book. Write your name, the

part mumber, and the question number on the cover of each blue book,

Notation 2 o= '1ntégers
Zn = cyelie group of order n
R = R:als
¢ = coaaplex numbers
Q@ = rutionals
Alx] = B¢t of polynomials in x with coefficients

in A.

It ia to your advar.ege to work & few problems complétely rather

than attempting to obtai: partial credit on many.

Part ITX: Rings

Do two from (1), (2), (3, and one of (4), (5).

(1) (25 pts) let A b2 a commtative ring with unit. An A-module N is
Noetherian if ever- A4-submodule of N 1s finitely generated. Prove

that if
CaOM a2 N=P g

l1s an exact sequeice of A-modules, then N is Noetherian if apnd only

if ¥ and » ae,



page 2 ~ Part IIX ¢
(2) Let A be a commutative ring with unit, and let £(x) ¢ A[x] be

& monic polynomial of degree n.

(1) . (15 points) Assume there are n elements 8505458 in A
80 that f(ai) =0, 1 = '1,...,n and no difference 8 - "3 is
& zero divigor in A for 1 £ 3. Show

£(x) = (x-al)- .. (x-an)

)

(11) (10 points) Give an example to show the assumptions of (1)

are necessery.

(3) (25 pts) Prove that in a cammtative ring A with unit every
maximal ideal s prime, Give an example (with proof) of a non-zero

prime ideal in some ring A with unit which is not maximal,

(4) (20 points) (1) Let 4 = 2[/T]. Show A is a prineipal 1deal
doamain.
(15 points) (11) Let A = 2[¥<5]. show A 1is not a unigue

factorization domain., Indicate proofs.,

(5) Consider the complex group ring €(G) for a finite group ¢:
(€(G) is the set of all forwsl sums I ¢ g, for c. €t 8 €G

with obvicus tum rule and product

z c8 I g =z cd.8 Bs )

It 1s a theorem that ¢(G) is semi-simple,
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(20 points) (1) Identify the types and numbers of each type
of eimple algebrs M in a decomposition of €(G) 4into a direct
sua of simple algebras where G 1is the dihedral group on

generators x, y with relations x2 = y3 =1, Xyx = ye.

(25 points) (41) Corresponding to each simple algebra M found
in part (i) construct an idempotent I, 1o €(G) s €G) - L, TN

(Hint: If M 4s one dimensional and g ¢ G, what can you say

about gL, = GIM.)
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Part IV: Fields

Do number (1) and one from (2), (3) and (4).

(1) (20 pts) lLet ¥ be a real field (-1 1is not a sum of squares in F),
Prove that if A 1s & sum of squares in F then F/VA) 4is again a

real field.

(2) (40 pts) what groups occur as the Galois groups of irreducible
cubics over Q7 Give an example of cubic with each such group.

(Include proofs.)

(As an aid note that the discriminant D for the cutic x3 + L+ q

is -hp3 - 27q2-)

(3) (30 points) Prove that a regular pentagon can be consiructed vith
only a straight edge end compass, using the Galois thecry of fi:lds,

and indicate a method for finding the actual constructins necessary.,

(&) (10 pte) (i) Iet F be an algebraic extension field -f ¢. Define

the ring A of algebraic integers in F.

(15 pts) (i1) Iet n be a positive integer and o, B any two

primitive nth roots of unity. Show

1 -a

i-8

is an algebraic integer in Q{a).
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(20 pts) (i31) Let p be a prime, p a primitive p'® root of
unity, and A the ring of algebraic integers in Q(p). Show ‘there
is & principal ideal ScC A so SP1 - (p) where (p) 1is the
principgl ideal generated by ﬁ.

(Consider the pth cyclotamic polyncmial and express

p-1
T -6
r=l

in two ways.)




