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1. Using Lebesgue's monotone convergence theorem, prove Fatou's
Lemma.
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2. Let g be analytic on {z: [z]| < 1} and assume that

lg(z) | |z| for all |z| < 1. Show that g(z) = el®: for some
constant 8 ¢ fO,Zw].
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3. a) State the Hahn-Banach Theorem

b) Let T be a linear subspace of a normed linear space X.

Let y be an element of X whose distance to T 1is at least

§, i.e.,

lly-t ]l > 8§ for all” t € T. Prove that there exists a
bounded linear functional f on X with |[|[f|| <1, £(y) =3

and such that f£f(t) = 0 for all te T.
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4, Evaluate

a) ®
0
b) f

COos X
57 dx; b >0
x“+b
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5.

a) Let f ¢ £p(u) and let € > 0. Show that

n({xeX: [£(x) |>e}) < P [ |£]? ax

b) Let ({f } be a sequence of some £p(u), l<p<w=,
If iiﬁ Il £, - fllp =0 in ip(“):' then {f } converges in

measure to f.

c) Show by a counterexample that the converse of b) is false.
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6. Suppose f ¢ dg(R), g € £1(R). Prove that if

h(x) = [ £(x-y)gly)dy = (f*g)(x), then h e £ (R) and

Inll, < £l lsll,



-Preliminary Examination - Analysis
September 22, 1982
Page 8

a) State the Baire Category Theorem

b) Prove the existence of an everywhere continuous, nowhere

differentiable function.
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a) State Rouche's Theorem

b) Let flz].= I a_2". Assume a
n=0 B 0

Prove that f 1is 1-1 in the unit disk

=0 = 1.

,al

{z: |z] < 1}
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