Preliminary Examination in Algebra : Spring 2022

1. Let G be a finite group, p a prime, P a Sylow p-subgroup of G and U a
subgroup of G containing Ng(P). Show that Ng(U) = U.

2. Let GG be a finite group. Show that G is solvable if and only if there exists
a sequence {1} = Gy < G; < -+ < G, = G of normal subgroups G; of G such
that foreach ¢ = 1,...,r, G;/G;_1 is a group of prime power order.

3. Let p be an odd prime and [, the field with p elements.
(a) Show that the congruence x? =

p=1 mod 4.

—1 mod p has a solution if and only if
(b) Determine the cardinality of Hom(Sym(3), A), where A is the unit group
of the ring F,[X]/(X2% + 1).

4. Let M, denote the set of n X n complex matrices. For A € M,,, we denote
by A* its conjugate transpose. Prove or disprove: For alln > 1 and A € M,,, we
have A = A* if and only if there exist a real number » > 0 and B € M, such that

A=rl,— B*B,
where I,, denotes the identity matrix.

5. LetV =F2, M =End(V) = Maxa(Fp), and G = GL(V) = GLy(FF,).
(a) Let G act on M by conjugation and let w € M denote the projection

m(z,y) = (x,0) forallz,y € F).

Compute the cardinality of (the stabiliser) Stabg ().
(b) Count the number of A € M such that A% = A.

6. Let M = 72 and let N be the subgroup of M generated by the 3 elements
(27 47 6)7 (47576)7 and (7? 87 9)'
Compute the rank and the elementary divisors of the quotient Z-module M /N.

7. Describe a Galois extension of QQ such that the Galois group is cyclic of
order 7.

8. Let p be a prime and F), be a a field with p elements. Find the algebraic
closure [F), of I}, and justify your answer.

9. Determine the Galois group of z° + 2 € Q[z].



