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. Suppose that f : X — Y is a continuous and bijective map, where X is compact and Y is
Hausdorff. Show that f is a homeomorphism.

. Suppose that f: Xy — Y is a uniformly continuous map, where Xj is a dense subspace of a
metric space X and Y is a complete metric space. Show that f admits a unique continuous
extension f: X — Y such that f is also uniformly continuous.

. Let (X, M) be a measurable space, and suppose f,,: X — [—00, 00| is measurable for every
n € N.

(a) Show that f(z) := limsup f,(z) = 1r>1fi sup fr(x) is a measurable function.
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(b) Show that if {f,}52, converges pointwise to a function f(z), then f is measurable.

. Use convergence theorems from class to study the limit, as n — oo, of each of the following
integrals:

(a) I,= / (1+z)*"cosz dz, (b) J,= n/ (1+z) " cosz dz.
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. Let X,Y be complex Banach spaces. A map B : X xY — C is called a bilinear form, if
B(z,y) is linear in x for every y € Y and linear in y for every z € X. It is called bounded if
there exists a constant M > 0 such that

[B(z,y)| < M- |lz| - [lyll  foreveryz € X, yeY.

Show that there exists a one-to-one correspondence between bounded bilinear forms B :
X xY — C and bounded linear operators A : X — Y™, where Y is the dual space of Y.

. Let X and Y be Banach spaces, let L(X,Y') stand for the set of all bounded linear operators
T : X — Y, which itself is a Banach space with the operator norm. Assume that the operator
Ty € L(X,Y) has an inverse, i.e., there exists Sy =: (Tp)~' € L(Y, X) such that STy = Ix
and TySy = Iy, where Ix and Iy are the identity operators on X and Y, respectively.

Show that there exist an € > 0 such that for U = {T € L(X,Y) : ||T — To|| < €}, the map
T eUw—T e L(Y,X)
is well-defined and continuous.

. Suppose f and g are holomorphic in a region containing the disc |z| < 1. Suppose that f has
a simple zero at z = 0 and vanishes nowhere else in |z| < 1. Let

fe(2) = f(2) +eg(2).

Show that if ¢ is sufficiently small, then f.(z) has a unique zero in |z| < 1.

. Suppose f is a holomorphic function on a connected open set, and u = Re(f). Prove that if
the product uf is holomorphic, then f must be a constant function.



