
Questions in Aìgebra for Prelimiriary Exarn (Spring 2015)

1. Prove that a group of order 24 without any eìement of order 6 is
isornorphic to ,9a,

2. Let Ã be a commutativc rilg with 1. Let 1,,/ be comaximal icleals of
A, that is, I + J :1ì. Prove tìrat fol any positive integcr n, 1" and J' ¿tle
comaximal and 1ìlQ J)" is isomorphic tc: Rf I" x RlJ".

3. Let -R be a comlnutative ling without nonzcro nilpotent elcments.
Prove that if /(ø) : Ð'iLu o,ro e 1ìlø] is a zero divisor', then there exists
0 I b e Rsuch that å/(r) : 0.

4. Suppose that a real linear operator / on a 2-dirnelsional vector spac<r
V has trace 2 and determinant 4. Compute the tr.ace and the cleterminant
of the operator Syrn'?(¡¡.

5. Let /'be an arbitrary fìcìd and r¿ ) 1 an integcr. Cor.rsidcr the set of
matrices

X:{AeM"x"@),A2:A},
on wlricl.r the group G : GL"(1,') acts ìrv conjugation:

g.A: oAo--) for all g €G ard Aç X.

(a) Show that any clcrnent ,4 in X is diagonalisable.

(b) Find (wiLh proof) a set of representatives of the orbit space G\X.

6. Letn) 1be an integer, ,4 a Hermitian n x n matrix, and B askew
Ilermitian n x n matrix, Show that the real part of .I}(,4,.8) is zero.

7. Let I{ lF be an algebraic cxtcnsion of fìeìds. Let 1? be a ring such
that .1¡ C 1ì c 1(. Prove l,hat A is a field.

8. Let p be a prime nurnber. Prove that the Galois group of rp,2 over
Q is isomorphic to the group of 2 x 2 mâtrices

(/ ¡ \ I
¿[i ", l:ac]Fl .1,e lF..!.l\tl l) ''--''"-"''J'

9. Prove that a module ovcr a rirrg is projective if and only if it is a
direct summand of a free module.


