AV Name .
Analysis ‘Preliminary’ Exam. June, 2002. :

Instructions. Choose_a four digit number to identify xou;sglf Copy each problem you are planning to
do on a separate sheet of paper. Make sure you put your identification number on each sheet you hand in.

We do give partial credit for partial solutions, or ideas that are on the right track.

1. A conformal map of a single complex variable is a holomorphic map which is one-to-one. (ese=mhose™
dewivebivo-nevenssanishes) Show that any conformal map taking the Riemann sphere (i.e. the extended
complex plane) onto itself must be linear fractional, i.e. of the form (az -+ b)/(cz + d).

2. Show that an analytic function f(z) whose modulus |f(z)| is everywhere constant must itself be a
constant function.

3. Evaluate [;° z?dz/(2? + a?)? using the method of residues. Here a is a fixed real number.

4. A. Define the Fourier transform of a Borel measure on the real line, assuming the measure of the

whole real line is finite.

B. Compute the Fourier transform of dg + 8; + ... + dy where §; is the Dirac mass concentrated at the
pOiIlt 5,’

C. Let p be a Borel measure and ¢(§) = i(€) its Fourier transform, a function of ¢ € IR. Let N distinct
points £1,...{n on the real line be given and form the expression X¢(¢; —¢;)2:Z;. Prove that this expression,
viewared as a function of the z;, defines a positive definite quadratic form on @V

5. T is a self-adjoint operator on a separable Hilbert space satisfying 72 = T. T is neither 0 nor the
identity I. Find the spectrum of T, proving the validity of what you find.

6. Let C denote the Cantor set.
A. Does there exist another topological space X such that C x X is connected? If so, construct X. If

not, prove not.
B. Construct a continuous map from C onto the unit circle.

7. A map between topological spaces is called “open” if the image of any open set is open. Suppose
that f : X — Y is a continuous open map, with X ), compact and Y connected. Show that f is onto.

8. Write f = F(f) for the Fourier transform of a function f and write F~! for the inverse Fourier
transform. Fix a function p such that its Fourier transform p = Fp lies in L;(IR) N L2 (R). Define the

operator A by Al F’l(ﬁf)

Here pf denotes the pointwise multiplication of f and p. Prove that A defines a bounded linear operator
from L2(IR) to Co(IR), the latter being endowed with the standard (uniform) norm.



