Prelim, Winter, 2012, in Differential Geometry and Topology. All
problems are worth the same point value.
∂
on R, where k ≥ 0.
1. Consider vector fields vk = xk ∂x
(a) Find the Lie bracket [vi , vj ].
(b) Do the flows of vi and vj commute?
(c) Find the flow of v2 .
(d) Is v2 complete on R?

2. (a) Prove that antipodal map on S n → S n given by x 7→ −x on the unit
sphere S n in Rn+1 is orientation preserving if and only if n is odd.
(b) Prove that the real projective space RP n is orientable if and only n is odd.
3. A helicoid in R3 is parameterized (s, t) 7→ (s cos t, s sin t, t). Please compute
the helicoid’s:
a) first fundamental form
b) second fundamental form
c) Gaussian curvature
d) mean curvature
as functions of s, t.
4. A three-manifold M is framed by vector fields X, Y , Z. Let θ1 , θ2 , θ3 be the
dual coframe to this frame. Suppose we know the Lie bracket relations
[X, Y ] = −2Z,
[Y, Z] = X,
[Z, X] = Y.
i
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Let cjk = −ckj be the structure functions for this co-frame; thus: dθi = Σcijk θj ∧θk .
(For example: dθ1 = c123 θ2 ∧ θ3 + c131 θ3 ∧ θ1 + c112 θ1 ∧ θ2 .)
a) Compute the structure functions.
b) True or False: Must M be a Lie group?
5. On the manifold R2 \ {0}, please:
a) Find a closed one-form that is not exact.
b) Show that any compactly supported closed one-form is exact. [The support
of a differential form is the point set on which it does not vanish.]
6. Prove that every smooth map from S 3 to T 3 has degree 0.
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